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FPORMULAS FOR PROPELLERS IN YAW AND CIARTS
OF THE SIDE-FORCE DERIVATIVE

"By Herbert S, Ribdner
SUMHARY

General formulas are given for propellers for the
rate of change of side—Fforce coefficient with angle of
vyaw and for the rate of change of pitching—moment coef-
ficient with angle of yaw. Charts of the side—force de—
rivative are given for two pronellers of different plan
farm, The charts cover solidities of two to six blades
and single and dusal rotation. The blade gungles range
from 159 ox» 2C° to 809,

The equations, and the charts computed from the equa—
tions, are based on an unnublished analysis, which incor-—
porates factors net adecuately covered in previously pub—
lished work and gives good agreement with experiment over
a wide range of operating conditions, A study of the
equations indicates that they are consistent with the fol—
lowing physical interpretation: In developing side force,
the propeller acts like a fin of wvhich the area is the
projected side area of the propeller, the effective aspect
retio is of the order of 8, and the effective dynamic
pressure is roughly that at the propeller disk as augmented
by the inflow. The variation of the inflow velocity, for
2 fixeé—pitch propeller, accounts for most of the varia—
ticn of side force with advance—~diameter ratio.

h 3

The charts may be applied to obtain the rate of change
of normal—force coefficient with angle of attack of the
axis of rotation if proper account is taken of the upwash
or downwash from the wing,

INTRODUCT LON

There has been = need in stability analyses for a
systematic series of charts for the estimation of the rate
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of change of propeller side force with angle of yaw. Al-
though the formula developed by Harris and Glauert in
references 1 and 2 and discussed in reference 2, which
expresses the side force in yaw in terms of coefficients
for the unyawed propeller, is fairly satisfactory, there
has Deen no adequate formula based primarily ozn the
geometry of the propeller blafes. An unpublished analysis
has resulted in such a Tormula. The basic assumpbtions
are similar to those of the vortex theory for the unin—
clined propeller when the Goldstein corrsction for finite
number of blades is omitted. Comparison with a number
of experimental results has indicated that the accuracy
of =10 percent obtainable by the analyticel method is of
the order obtained by Lhe uncorrected vortex theory for
the uwninclined propell

The formula, developed in the analysis and given
herein, has been used %o prepare a series of charts giving
the rate of change of gide—force coefficient with angle
of vaw as a funchbion of the advance—digmeter ratio V/nD;
thie blade angle and s0lidity are parameters; the charts
cover both single and dual rotetion. The computations
were nade for two representative propellers, the Hamilton
Si;ar\c"u'"1 31558 and the NACA 10-3082—045. Heans are given
for interpolating for other propellers.

[

n order to make the present report complete in it—
self and to nmnake the charts more intelligidble, formulas
for the side—force and pitching-—monent derivatives are
given at the outset with an explanatory text. The other
propeller stability derivatives with respect to0o yaw are
ZETr 0.

5]

For
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1e purpose cf expediting the publication of the
charts, the derivation of the formulas has been onmitted
from the present paper, There 1s incliuded herein, however,
a graph that shows a counparison of the theoretical values
with the experimental data of Lesley, Worley, and lioy
(reference 4).

STMBOLS

~ The formulas of the present report refer to a systenm
of bedy axes. For single—rotating propellers, the origin
is at the intersectlion of the axis of rotation and the
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plane of rotation; for dunal-rotating propellers, the
origin is on the axig of rotation halfway between the
planes of rotation of the front and rear propellers.

The X axig is coincident with the axis of rotation and
is directed forward; the Y axis is directed to the right;
and the 2 axis is directed downward. The symbdols are
defined as follows:

D propeller diameter
R tiv radius
T radivs to any btlade element
St disk area (wD®/4)
x fraction of tip radius (r/R)
Xo minimum fraction of tip radius a2t which shank blade
sections develop 1ift (taken as C.2)
Ky ratio of spinner radius to tip radius
B aunber of blades
b blade section chord
- 4B (DY
o solidisy at 0,75R L \
D/()vsR
8, blade angle to zero—1lift chord
8 blade angle to reference chord, measured at 0.75R

astation, degress

s 4 by

geometric ritch

i anzle of yaw, radians
Qo angle of attack of thrust axis, radians
7 free—~stream velocity

< . -2
q frec—stream dynamic pressure (1/2p7V®)

a inflow factor
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OYéw

Cuﬁw

axial velocity at propeller disk [V(1 + a)]

q~fact0r [(1 + ) (1 + a) + (1 + 2@) }
1+ (1 + 2a)7 -

thrust coefficient (thrust/pn®D*)
thrust coefficient (thrust/pVe=® or C3/J®)
rotational speed, revolutions per second
sivance~dianeter ratio (V/nD)

effecti helilx angle

. . . . s s
{%an [va/(2gnr — slipstream robtational ve1001ty);}

side force (bLody axes)
normal force
pitching moment (Dbody axes)

ide—~Zorce derivative: rate of change of side—~force
coefficient with angle of yaw [(37/3)/qS?]

pitechlng—moment derivative: rate of change of
pitching—moment coefficient with angle of yaw

C(du/ov)/qnst)

average slope of

section 1ift curve per raflan
(u&ﬂen as 0,95 X Bw)

spinner factor

sidewash factor

constant in tﬁe sguation fqr kg
side—area index

defined by esquation (2a) (zero for dual—-rotating
propellers)

integral defined by equation (2b)



Is integral defined by equation (2¢)

n defined by equation (3a)

1

Subsecripte:

L2l

0.75R measured at the 0.75R station (x = 0.75)

FORMULAS

Rate of Change of Side—Force Coefficient with Angle
of Yaw for Dual-Rotating Propeller
The nature of the formulas for the side—~force de—
rivatives makes 1t simpler to present the formula for

the dual—rotating propeller first. For a dual-rotating
propeller, the side—force derivative is

1; f < I
prjoy _ Esflalol,

C""‘\lj = " (l)
gS! 1+ kgoly
where
the spinner factor kg = 1l.14
the sidewash factor kg = 0.4
the inflow factor a = (& 1 + 8T,/m — 1)/2
2
+ + + + 2
the g-factor f(a) = Lt a)l(l* a)*+ (1 2) ] (1a)

1+ (1 + 2a)°
. b3
the solidity ab 0.75R o = 22 <0Q>
3 D/o.78R
1

the gide—ares index I, = 3/4 mg JF (p/by . s5r)sin By dx
0

and I,, f(a), kg, and ks are discussed in detail later.



Side—area index I,.— The product oI, is pro-

portional to the area projected by the blades on a plane
through the propeller axis, This area may be called the
projected side area of the propeller. The significant
factor I, has been termed "the side—area index"; o

ot

s the solidity a% the 0.75R station. In equation (1),
g0 l, 18 always smgll in comparison with unity, with
the result that Oyly is approximately proportional to

oI, and hence to the projected side area of the pro-
peller. The factor 1/(1 + kzo0I,) may be regarded as

a correctlion for aspect ratio.

raphical integration is inconvenient, the side—

area inlex I, mnay be evaluated guite olmply.and with

accuracy by Gauss' rule for approximate inte—

xference 5), which ordinarily requires fewer .

}an Simpsonts rule for the same accuracy.
given in the appendizx

&
e
sufficien
gration (r
s

e g—foctor f(a).— By the definition of a, the

n V(1 + 2) is the axial wind velocity at the
b

T disk, Accordingly, (1 + a)gq is the dynamic
oreosa e at the propeiler disk., The value of f(a)g is
ly slightly less than (1 + a)g for moderate inflows.
Bouation (1) shows, therefore, that the side force for a

given rngle of yow i¢ rougaly proportional to the dynamic
pressure at the provelier disk as augmented by the inflow.
A chart of the variation of f(a) with Te is given in
figure 1,

.

Spinner factor kg.— If the propeller is provided
with o spianer in combination with o liguid—cooled ng—
celle, the Cifud”“Qreﬁtlﬂl component of the side wind due
0o yaw 18 considerably increased in the region of the
blade gshanks. This circumstance increases the side force
by a factor kg vwhiech is closely given Dby

1
- L \2 .
e - (xs/x) (b/bo,75R)s1n B dx
“Eo . '
kg = 1 + T (1p)

jf (b/by,,5m)sin B, dx

Xg
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where xg 1s the ratio of the spinner radius to the tip

radive and X

is a constant which is approximately 0.90

for a nacelle fineness ratio of 6 and 1.00 for s fineness

ratio of
kg is of

infinity.

For the spinners of present—day usage,
the order of 1.14%0.04,

A similar effect undoubtedly occurs when spinners
are used with air—cooled nacelles, but the estimation of

kg 1i1s more difficult.

1.14 Dbe used.

Sidewash factor

It is recomnended that

the facbor

ky.— The reduction of side force

due to

by the sidewash factor
f(a) from the value
for kg is

the sidewash of the slipstream is accounted for
Y

Ty and by the deviation of

pe]

(1 + a)”°.

nl
! (b/bo.753) sin

GKO

The accurate expression

Bo dx/x

, (1 + 2a)%
Zg = - - =
471 + (1 + 2a)’

C2]
Jrpt
/

-azinuthy bul

(b/bo'753)51n By dx=

L —
0y

L

s analogous to the reduction of wing 1ift by
n average value of k5 is 0.4.

L
x

The effzct 1
downwash, A

)

Required accuracy, kg and kg.— To the degree in

which con establishes
the accuracy — about #£10 percent — of the side—force

arison with existing experiments
c
fornulas it is sufficiently accurate to use the mean
b 124
T

ke
=8

value 0.4 for ks and, for the usual size spinner
Xg = 0,16), 1.14 for kg.

cal interpretation of propeller in yaw.— A

auations (1) and (2) in light of the discussion

side—area index I, and the g—factor f(a), with

shows that the equa—

data for representative nropellers,
tions are consistent with the following physical inter—
pretation: In developing side force in yaw, the propeller
acts likze 2 fin of which the area is the projected side
ares of %the propeller., (The projected side area is the
area projected by the blades on a plane through the axis
of rotation. ¥or two or one blade, this area varies with
the text refers to the average value, which



is given to a close approximation by one-half the number
of blades times the area projected by a single blade on a
plane containing the blade center line and the axis of
rotation.) This equivalent fin may with small error be
regarded as situated in the inflow at- the propeller disk
and subject to the corresponding augmented dynamic pres—
sures The variation of inflow velocity therefore accounts
for most of the variation of side force with advance—
diameter ratio, for a fixed—pitch propeller,

The effective aSUGCt ratioc of the projected side area
is of the order of two—thirds the geometric aspect ratio
with dwal rotation. The effcective aspect ratio is much
L single than with dual rctation) the smaller as—
io accounts Tor o reduction in the side force,
which ¢o the six-blade Hamilton Standard propeller 3155—
varies from 4 percent at B = 55° 6o 24 percent at P =
A mean value of the effective aspect ratio for single— and
dual—-rotating propellers of present—day uwsage 1s 8,

(J'!G‘J

Rate of Change of Side-~Force Coefficient with Angle
of Yaw for Single-Rotating Propeller

For & single-rotating propeller, the side—force
derivative is

dY /oY kof(a)oly

Cyt = = « - (2)
Ty T gse 1,/(I, — &) + koI,

The definitions of equation (1) 8till apply and

<OIB-J “a><olz + o2g ~:>

L = (2a)
ol + oly)

where
I, = o (b/b R cos B, xdx (2v)
2 =z 07548 =8 o - ’
b cos
I, = 3 JF : ¢ x2dx (2c)
4 °J Do,rsr sin P

*0
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o v
disk loading, which for th

A Tamily of aopLox1mate curves of Iz are given in fig—
ure 2 as funchtions of ¥ /nD, with the solidity o as the
parameter, The curves are applicable for blade—angle
settings at a given value of V/nD in the range in which
the Dlades are not stalled. The data of figure 2 were
computed for a definite propeller, Hamilton Standard 3155-6,
tut may bte applied to any other propeller with negligible

error in CY!W' The variation of =2a/m with T, is

The term A is positive over the operating range of
Top

the propeller in flight and is roughly one—tenth of I,,.
Comparison cof eguation (2) for single rotation with egua—
tion (1) Tor dual votation shows that the effect of posi—
tive A is a reduction in CY:W -~ that is, a single—

r experiences less side force in yaw
ponding dual—rotating propeller.

- The reduction in side force in yaw reaches 24 vpercent
for low blade angless its average is 15 mercent., The re—
duction is exp;alao& by the Tact that the asymmetry of

¢ single—rotating propeller pro—
duceg. the pitching moment due to yaw, also induces a com—
ponent of flow tending to reduce the effect of the angle
of yvaw. For dual-rotating propellers, there is no re—
sultant asymmetry Dbecause the asymmstries of the disk
loadings of the two sections are so disposed as to com—
vensate.

Rate of Change of Pitching Moment

with Angle of Yaw

For a duvagl—rotating vropeller, the pitching-moment
derivative is aﬁproyihat ely zero for the rcason previously
ment ioned. For a single—rotating propeller, this deriva—
tive 1s given Dby

,U/EW kgf(alm
Oy, = —m = (3)
sV gpst 1+ ko(I, — &)
where the positive sign 1s to be taken for a right—hand
proneller and the negative sign, for a left—hand propeller,
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The definitions previously given are applicable here and

‘ 2a
mwO‘IB'l'BJ'-—-ﬁ“ (50)
- [}
A 1+ols) 8

SIDE~FORCE CHARTS

Formulas (1) and (2 ) have been used to compute g
seriles of cherts of the side—force derivative

o]

Pl

\ / ?\\lj
Oyry = —h—
‘Y ¥ qgr

]
This derivative, herwise Interpreted, is approximately
twice the area of an eguivalent fin of average aspect

ot
a
ratio divided by the diegk area.

2o

Egeh chart gilves the variation o

f Oyty with V /oD
ies o a definite
solidity. There is 5 seriecs of charts for each of two
blade forms., One bPlade form is conventional type,
Hamilton Standard 3155-6, with a plan form almost symmet—
rical abtout the maximum chord, which is at approximately
the O0.6CR station. The other blade form, WAGCA 10-3062-045,
has a wide, almost uniform chord out to the 0,75R station
and a rounded tip secticn., The plan forms and pnitch
distributions for the two propellers are shown in figure 4,

for a range of blade angles avd appl
ar

»

Familton Standard propeller 31556—6,— The charts of
figures 5 to 9 apply to Hamilton Standard propeller 31556,

Figures 5, 6, 7, and 8 are for the two—, three—, four-—,
and six—blade single—rotating propellers, respectively.
Figure 9 is for

solidity o v

a from 0,061 for the two—blade propeller
to 0,182 for the

1
a six—blade dual—rouatlnv propeller, The
8
ix—blade propellers,

A liguid—cooled nacelle of fineness ratio 6 was as—
sumed and the spinner diameter was taken as 0,164 tines
the propeller diameter in determining the spinner factor
kge The average value of kg, which depends slightly on
the blade—angle setting, is about 1.125., This value
signifies that, on the average, 12.5 percent has been added
to the valucs which would be obtained in the absence of a
spincer,
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The valuecs of T, wused in the computations were
obtained from figures 24 and 206 of reference & for the
25°% and 4B°% blade angles and were interpolated for the
other blade =2ngles with the aid of figure 15 of refer—
ence 7,

WACA propeller 10—-3082-045,— The charts of figures
10 50 13 apply to FACA propeller 10-3062-045, Figures 10,
11, and 12 are for the two—, three—, and four—blade single—
rotating propcllcrs, res ncctlvel o JFilgure 13 is for a
s1x~bludc dual-rotating propeller. The solidity o wvaries
from 0,0835 for the two~Dblade npropeller to 0,247 for the
gix-blade propeller.

inner—nacelle proportions were taken the same
ilton Standard propeller 31565-6, and the corre—
crage value of the spinner factor kg is 1,15.

The valucs of T, wusecd in the computations were
obtained from unpublished exporimental curves for the
tharee—blade S;“_lb~10ﬁaﬁing nroneller, The curves were
extrapolated for fower D es and for more blades and
for dual rotation with the aid of figures 24 and 26 of
reference 6, It ig believed that the errors in CYyW

introduced by errors in the exirapolation are within 2
or 3 percent,

Comparison with experiment.— Figure 14 prescnis the
variation of the gide—force derivative with advance—
diameter ratio for the two—blade model propeller of refer—

vrves conmputed from the formulas of the prosent
nlotted with the exverimental values,

Interpolation for blade shope and solidity.— The
computations show that, within the usuval range, blade twist
has a2 rolatively small offect on Cwa. The three imporitant

pareme cter
for a give

arc solidity, blade angle at 0.75R, and plan form,
n V/nD, The charts for 2 given plan form may

i

0

O

be iatornolsted lincarly from the charted vaolues for varig—
tions of sgolidity o and Bladec angle B.

The determination of Oyt for plan forms between

v
those of Hamilton Standard propeller 3155—-6 and NACA
propeller 10-3062-045 would be cxpected to require a
double interpolation, ocne for solidity, because the two



provellers arc not charted at the same solidities, and
a scecond one for plan form, A simpler procedurec results
from tne following considerations?

For a gilven sol'aity, it is found that the plan form

of the WACA propeller 10-3062-045 yields about 13 percent
more side force tnan does the plan form of the Hamilton

Standard rropeller 2155—6 at the same V/nD, The factor
1,13 holde witkin € or 3 porcent near the line of zero
thrust although the erro“ increases to about 6 percent at
low V/aD and high thrust. To this accuracy the side—
force cocfficlent for a propeller of a given plan form
and solidity o = 0,091, for emample, could be estimated
from the o = 0,091 chart of Hamilton Standard propeller
Slau~o by comparing the given plan form with the plan forms
ilton Standard 3155~6 and NACA 10-3062-045 propellers
4 and increasing the ordinates from the chart by
Q“iat@ fraction of 13 percent, In making the plan—
son, nmost welght shounld be given the root sec—

Lol

tlons of the blado, If the solidity oo does not corre—
spond to that of one of the charts, two charts of different
s0lidity for the same propeller may be interpolated linearly.

o

Use of charts for propellers in pitch.,~ The charts

- &

-

with pitch substituted for yaw can be used to obtain the
rate of change of normal force with angle of attack of
thrust axis, if the dnfluence of the wing on the angle of
flow at the propeller is included. The upwash can be
taken into account, if the propeller is in front of the
wing, by miltiplylng the value of CYHy — now interpreted

EZ/E)O’JT i . .
as —Cz1 = o e by 1 plus the rate of change with
ap gs!?
angle of attack of the angle of upwash induced at the pro—
peller by the wing. If the propeller is behind the wing,
the factor should be 1 minus the rvate of change with angle
of attack of the angle of downwash induced at the propeller

COWCLUDING RIHARKS

Equations for propellers in yaw and charts of the

iorcee dpriva'ive noave been given herein for single—
rotating propellers in terms of a side—area index

and a dynamic-pressure Tfactor, which is & funciion of the
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inflow factor. The study of those egualtions indicates
that they are consistent with the following physical
intcryvretationt In developing side force, the propeller
azcts like a fin of which the area is the projected sido

arca of the propeller, the effective aspect ratio is of
tho order of 8, and theeffective dynamic pressure is
roughly that a2t the propeller disk as augmentoed by the

'.._1

o

&

inYlowse The variation of the inflow wvelocity, for fi
pitch propeller, accounts for most of the variation of
force with advence—diameter ratio

1XcC
83

fu

Langley H morial Aercnautical Labdoratory,
Hational Advisory Committee for Aefonauﬁics,
La gley Field, Va.

APPEE
Gause! rule for approxzimate integration may be
expressod by the relation
“n+1
Jf f(x)dx = Pof(xy) + Pof(x,) + . . .+'P4f(xn)
X
o)

where m; %0 Xn arc corbtain abscissas and P, to Pp

are Gauss? coefficients, For the integrals of the present
report, five ordirates arc found to be sufficient to deter—
mine Gug within 1 percent, For x5 taker as 0.2 and

\I.
WV
Xp4q vaken as 1, the appropriate valucs are

x, = 0,238 P, = 0,05
%, = 0.385 Py = 0,191
x: = 0,600 Py = 0,228
x4 = 0.815 P, = 0,191
g = 0.963 P, = 0,095
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Ls an exaomple, the integral Jr (
AN

which occurs in I, may be cv.luatb

(b/D)O -838R

b/bo.7sR)sin By dx

cd as

(b/D)o,z8sR

sin P 0,191 sin B D
B O .23aR ~* p 00 «385
(b/D/O .75R ® (D/D)o.'?s'ﬁ )
{3 /D‘ \ »
o “P”&D/ /0 .600R 0. 19 (b/Djoes1sR
4+ 528 3in e 121 sin
" (/) °5 .6002 T (b/D\ 800.8153
it 0 75 R b - “i0 ,7B5R
{ = /’., 5
0.5 \J/“)o,eezﬁ
3 C5 g1
SR AN 84 Boo.sezd
VRIS ) wsR
/D
where (575 Pas boen writiten Tor its ocouwivalent
Y10 78R
b/bgﬂ,gt in recognition of tho practice of using b/D
as tie plan~form variabla.
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